HADAMARD’S THREE CIRCLES THEOREM 
RAPHAEL M. ROBINSON 


Hadamard’s theorem is concerned with the relation between the 
maximum absolute values of an analytic function on three concen- 
tric circles.' If we put 


= max | |, 


then the theorem states that log M(r) is a convex function of log r for 
r'<r<r'’, if f(z) is regular for r’<|z| <r’’. This is an immediate 
consequence of the fact that if | f(z)| $A|z|*on two circles about the 
origin, then it is also true between the circles; and this in turn is 
seen by applying the principle of maximum to f(z)/z*. The bound is 
attainable within the ring only for f(z) =az* with || =A. Notice 
that this function is single-valued only if \ is an integer, so that 
Hadamard’s bound is not in general sharp for single-valued functions. 
(It is the sharp bound for the class of many-valued functions, any 
branch of which is regular in the ring, and for which | f(2)| is single- 
valued.) 

We shall consider only single-valued functions. The problem of 
finding the sharp bound in Hadamard’s theorem is formulated as 
Problem A below. (It is no essential restriction to suppose that the 
radius of the outer circle is 1, and that the given bound on this circle 
is 1.) Problems B and C raise the same question for more special 
classes of functions. 


ProB_eM A. Suppose 0<q<Q<1 and p>0. Consider the class of 
functions satisfying the following conditions: f(z) is regular for 
<1, 


[f2)| <1 for |zl|=1, |f@| sp for |z|=¢. 


An address delivered before the Berkeley meeting of the Society on April 29, 
1944, by invitation of the Program Committee; received by the editors May 6, 1944. 

1 The theorem was stated (without proof) in Hadamard’s note, Sur les fonctions 
entiéres, Bull. Soc. Math. France vol. 24 (1896) pp. 186-187. His proof was apparently 
first published in 1912; it may be found in footnote 2, p. 94, of Selecta: Jubilé Scien- 
tifique de M. Jacques Hadamard, Paris, 1935. In the meantime, proofs (of a less simple 
nature) had been given by O. Blumenthal and by G. Faber. See Blumenthal, Uber 
ganze transzendente Funktionen, Jber. Deutschen Math. Verein. vol. 16 (1907) pp. 97- 
109, and Sur le mode de croissance des fonctions entiéres, Bull. Soc. Math. France vol. 
35 (1907) pp. 213-232; Faber, Uber das Anwachsen analytischer Funktionen, Math. 
Ann. vol. 63 (1907) pp. 549-551. 
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Let P be the largest value of | f(Q)| for any function of the given class. 
How much is P, and for what functions is it attained? 


PROBLEM B. The same as Problem A, with the additional hypothesis 
that the coefficients of the Laurent series for f(z) are positive or zero. 


PROBLEM C. The same as Problem A, with the additional hypotheses 
that p <1 and that f(z) is regular also for |z| <q (hence for |z| $1). 


REMARKS. From any function f(z) with | £(Q)| =P we can obtain 
a function H(z) with H(Q)=P, by putting H(z) =Pf(z)/f(Q). The 
name extremal function will be applied only to an admissible function 
with H(Q) =P. 

We may determine a real \ such that g* =>. If \ is an integer, then 
H(z) =2 is the extremal function for all three problems; but if \ is 
not an integer, then 2* is not an admissible function. We may restrict 
ourselves to the latter case, and shall use » to denote the integer 
such that n—1<A<n. 

If we indicate the dependence of the extremal function on p by 
using the notation H(z, p), then it is clear that for the first two prob- 
lems we have 


H(z, = H(z, 


for any integer k, since a power of z times an admissible function is 
admissible; but for Problem C no such relation is to be expected. 
Consequently, there is no loss of generality in supposing g<p<1 
(that is, #=1) when studying Problems A and B. 


Summary of results.? We state here some of the principal results 
that are known concerning the three problems. For each of the prob- 
lems, the extremal function H(z) exists and is unique, and is real for 
real z. It is univalent if g<p<1. In Problems A and B, H(z) is inde- 
pendent of Q; and the same is true in Problem C at least if g<p<1. 
We tabulate some additional results in the three cases for comparison. 


PROBLEM A. 
2H’ (z)/H(z) is an elliptic function of log z. 


2 Problem A was first solved by O. Teichmiiller, Eine Verscharfung des Drei- 
kreisesaizes, Deutsche Mathematik vol. 4 (1939) pp. 16-22. But we shall follow here 
the solution given by the author in Analytic functions in circular rings, Duke Math. J. 
vol. 10 (1943) pp. 341-354. Problem B was solved by F. Carlson, Sur le module 
maximum d'une fonction analytique uniforme, Arkiv fér Mathematik, Astronomi, och 
Fysik vol. 26A (1938). Problem C is studied by M. H. Heins in a paper, On a problem 
of Walsh concerning the Hadamard three circles theorem, Trans. Amer. Math. Soc. 
vol. 55 (1944) pp. 349-372, which I had the privilege of reading before publication. 
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H(2)| =1 for |z| =1. 

H(z)! =p for |z| =g. 
| maps g<|2| <1ion | w| <1 omitting an arc of 
w| =p. 


PROBLEM B. 
H(z) is an average of z*~! and 2*. 
H(z)| <1 for |z| =1 except at s=1. 


H(2)| <p for |z| except at s=g. 
If g<p<1, w=H(z) is a contraction with 1 as fixed point. 
PROBLEM C. 
H(z) is a rational function of the mth degree. 

H(z)| =1 for |z| =1. 

H(z)| <p for |z| =q except at m points. 


If g<p<i, w=H(z) maps the unit circle onto itself. 


Study of Problem A. We suppose g<p<1. It may be seen from 
general mapping theorems that there exists a function H(z) which 
maps the ring q<|z| <i on | w| <1 omitting an arc of | w| =p. We 
may suppose that p is the midpoint of the omitted arc. The function 
H(z) is regular on the boundaries of the ring, and we have 


| W(z)|=1 for |z| =1, | H(z)|=>p for |z| =g. 


If f(z) is any admissible function, then | f(z)/H(z)| <1 on both bound- 
aries of the ring. We could apply the principle of maximum to con- 
clude that |f(Q)/H(Q)| <1, were it not for the fact that H(z) has a 
zero in the ring, so that f(z)/H(z) has a pole. The fundamental lemma 
of the author’s paper provides an extension of this principle which 
enables the conclusion to be drawn nevertheless. The lemma states 
that if a function is regular in a circular ring except for one simple 
pole, and does not exceed 1 in absolute value on the boundaries, then it is 
less than 1 on the radius opposite the pole. Applying this lemma, we 
verify that H(z) is the desired extremal function. 

By applying Schwarz’s reflection principle, we can continue H(z) 
to the whole plane excluding 0 and . The reflections on the outer 
and inner boundaries give the relations 


H(i/z) = 1/H(z), H(q*/s) = p?/H(2), 
if we use the fact that H(z) is real for real z. From these it follows that 
= p*H(2), 


and hence 
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H(g*z) = 2H"(2)/H(2). 
Thus 2H’(z)/H(z) is an elliptic function of log z with the periods 
2 log g and 27%. 
It is not difficult to obtain the explicit formula 
H(z) = 20(qz/p)/0(pz/q) 
where 


= > g¥s*. 


This enables easy calculation of the extremal function. 


Study of Problem B. Here 
fe) = 


with «20, hence M(r) =f(r). Evidently 
M’(r) 2 0, 


the equality holding only if M(r) =co+car. If g<p<1, we can deter- 
mine positive co and ¢, so that M(1)=1, M(q) =p; that is, so that 


ota =i, Co t+ cig = 
With this determination of co and ¢;, the extremal function is 
H(z) = co + cz. 


This result of Carlson, which concerns a special class of functions, 
has an interesting application to the more general class previously 
considered. In fact, if we no longer suppose that f(z) has positive 
coefficients, we have nevertheless that the average of | f (z)| Zon | 2| =f 
is 


| Ce |2p2h, 

which is a power series in r? with positive coefficients, so that Carl- 
son’s result may be applied. If we suppose given that the average of 
|f(z)|? on |z| =1 does not exceed 1, and that the average on |z| =q 
does not exceed p? (¢<p<1), then the function H(z) having the 
largest quadratic mean on | z| =Q is of the form 


H(z) = co + cz, 


— 
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where Co and ¢,; are subject to the conditions 


Some lemmas. We consider now some results that are used in the 
study of Problem C. The results concern functions constant in abso- 
lute value on a circle, and interpolation by bounded functions. 

In the first place, an equality such as | F(z)| =1 either holds identi- 
cally on |z| =1 or at but a finite number of points, provided F(z) is 
regular on |z| =1. For on the circle, | F(z)| =1 is equivalent to 


F(z)F(1/z) = 1. 


Since the left side is regular on the circle, the result follows. 
Suppose now that F(z) is regular for |z| <1 and that | F(z)| =1 for 


| 2 =1. Let a;, a2, - - - , a, be the zeros of F(z) in | 2 <1. Then we find 
that 
F(z) = = 1) 
1 — 


by applying the principle of maximum and minimum to F(z) divided 
by the product on the right. The zeros and poles of F(z) are inverse 
with respect to the given circle |z| =1. A similar result holds for any 
other circle. If | F(z)| were constant on two circles about the origin, 
F(z) being regular within the larger circle, then the zeros and poles 
would have to be inverse with respect to both circles, that is, the 
zeros at 0 and the poles at , and hence F(z) =az". 

Concerning interpolation by bounded functions, we need the fol- 
lowing theorem. Let 21, z2, - - , Zn, be m+-1 distinct points in | “<i, 
and let We, - - , Wa, w be any n+1 points in | w| <1. Consider the 
class of functions F(z) regular for |z| <1 and with | F(z)| <1 there. The 
number of such functions satisfying the interpolating conditions 


= we (k = 1,2,---,m) 


may be 0, 1, or ©. If there is just one such function, then it is rational 
of less than the nth degree, and satisfies | F(z)| =1 for | 2 =1. If there 
are infinitely many such functions, then the possible values of F(g) fill 
a closed circle; the additional condition 


will determine the function uniquely if and only if w is on the boundary 
of that circle. 


The proof is by induction. Consider first the case n =0. The num- 
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ber of functions is infinite. The possible values of F(f) fill the circle 
Is | i. The condition F({) =w determines F(z) uniquely, if and only 
if |}w| =1. 

Suppose now that ”>0. In case |w,| =1, if there is any solution 
it is F(z) =w,, which is a rational function of the zeroth degree and 
satisfies | F(z)| =1 for |z| =1. In case |w,| <1, we establish a one-to- 
one correspondence between the given functions and those satisfying 
certain interpolating conditions at the points 2, - - - , Z,-1 by means 
of the equation 


F(z) — w, 2% — 
rf 1 — w,F(z) 1 — 


The various desired conclusions about F(z) follow easily from the 
corresponding conclusions about G(z). 


G(z) 


Study of Problem C. Here the case g <p <1 has a very simple solu- 
tion (but the general case cannot be reduced to it). For if the condi- 
tion | f(2)| <p for |z| =q is replaced by the weaker condition | f@| 
=>, then it follows (using Schwarz’s lemma) that the maximum pos- 
sible value of |f(Q)| is attained by the linear function H(z) which 
maps the unit circle onto itself, with +1 as fixed points, and H(q) =p. 
But this function clearly satisfies |H (z)| <p for | z| =g (under the 
hypothesis g<~<1), and hence is the required extremal function. 

For the general case, Heins reaches his results by a rather indirect 
method. It will be convenient to modify the statement of Problem C 
by supposing that f(z) is regular for |z| <1 rather than for | z| 1. 
The condition |f(2)| for | z| =1 may be replaced by |f(2)| <1 for 
|x| <1. With this modification, the existence of an extremal function 
H(z) is clear from the theory of normal families. It will be shown later 
that this function is unique, regular for |z| =1, and that | H(z)| =1 
for |z| =1. 

As a first step, we show that if H(z) is regular for || =1, then 
| H(z)| =1 there. Otherwise, | H(z)| =1 at only a finite number of 
points on |z| =1, and hence we can find a small arc AB of |z| =1, 
near 1, where | H(z)| <1. Choose K>1 so that K| H(2)| <1 on this 
arc. Now it is easy to construct a function g(z), regular for |z| <1 
except at A and B, with constant absolute values on every circular 
arc joining A and B, these values varying from K on the given arc AB 
to 1 on the complementary arc of the unit circle. Since |H (z)g(2z) | <1 
for || =1, except at A and B, and | H(z)g(2)| <1 near these points, 
it follows that | H(z)g(z)| <1 for | z| <1. The function H(z)g(z) may 
fail to be an admissible f(z) by being too large on | z| =q. However, 
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g(z) is larger at Q than on |s| =g, so that if we divide H(z)g(z) by 
the maximum of g(z) on |z| =g, we have a function f(z) which is ad- 
missible and for which | f(Q)| > |H (Q)|, which is impossible. 

Next we see that |H (z)| =p has only a finite number of roots on 
|| =q. For otherwise it would be an identity, and H(z) would be ra- 
tional. But then H(z) would also be regular for |z| =1, and hence 
| H(z)| =1 there. From the fact that | H(z)| is constant on two circles, 
we should conclude that H(z) =2z*, and hence p =q", which is the case 
we have excluded. 

We shall now show that in the hypothesis that |f(z)| <p for 
|| =g, only a finite number of points on |z| =g have any weight. 


Let H(z) be an extremal function, and let 2, 22, - - - , 2; be the points 
on |z|=q where |H(z)| =p. Then if | F(z)| <1 for |z| <1, and 
| F(:)| <p (k=1, 2, - - - , we can conclude that | F(Q)| <P (that 


is, we obtain the same bound for | F(Q)| as if we had supposed that 
F(z) | for | z| =q). For if there were such a function with 
F(Q)| >P, then we could also find a function with | F(zx)| <p and 
F(Q) >P. But then we see that 


f(@) = (1 — + (2) 
is admissible (if € is sufficiently small), and that f(Q) >P. 

The next step is to see that H(z) can be determined by interpola- 
tion. We shall show that if | F(z)| <1 for || <1, if F(z) =H(x) 
(k=1, 2,---, 2D), and if F(Q)=H(Q), then F(z) =H(z) identically. 
Consider first the interpolating problem defined by F(z) = H(z). The 
possible values of F(Q) are restricted to a circle including P. If P were 
not on the boundary, then F(Q) >P would be possible. Thus P is on 
the boundary, and the additional condition F(Q) =P serves to deter- 
mine F(z) uniquely. 

Thus H(z) is a rational function of at most the /th degree, with 
| H(z)| =1 for |sz| =1. From this the uniqueness of H(z) follows at 
once. For if both H,(z) and H;(z) were extremal, then so also would 
be their average. This average must also satisfy the condition 

H(s)| for =1, which is possible only if H:(z)=H2(z) on 
z| =1 and hence identically. Furthermore, if H(z) is extremal, so 
also is H(z); hence H(z) =H(z), or H(z) is real for real z. 

Now consider the degree of H(z). In the first place, |H (z)| =phasl 
different roots on |z|=g, and these are all of even order, since 
| H(z)| Sp on |z| =g. In other words, the equation 


H(2)H(q*/2) = 
has at least 2/ roots, so that H(z) cannot be of less than the /th de- 
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gree. Thus H(z) is exactly of the /th degree, and the roots of the dis- 
played equation all lie on |z| =g, and are double roots. 

As in the introduction, let m be the integer such that n—1<A<n. 
We shall give a sketch of the proof that /=n. 

In the first place, it is not difficult to show that P is a continuous 
function of g, p, Q; and using this fact, it may be shown that (for 
|z| <1) H(z) depends continuously on these parameters. 

Next we notice that / is a function of m only. For as long as we 
exclude the case in which } is an integer, / is the number of double 
roots of H(z)H(q?/z) —p? on |z| =g. Since this function is regular and 
depends continuously on the parameters for g?<|z| <1, and has roots 
only on || =g, it cannot gain or lose a root. 

Recalling that the degree of H(z) is equal to the number of zeros 
in |z| <1, it is easy to see that the degree is a lower semi-continuous 
function of the parameters. Since the degree is m when \=17, it can- 
not be less than when d is slightly less than ». Combined with the 
preceding result, this shows that /2n. 

Finally, by an ingenious method which we cannot consider here, 
Heins finds (for any given m) some cases in which it can be shown 
that the degree of H(z) does not exceed n. This completes the proof 
that H(z) is of exactly the mth degree when »—1<X<n, and that 
| H(z)| =p has exactly n different roots on |z| =g. 
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THE SUMMER MEETING IN WELLESLEY 


The fiftieth Summer Meeting of the Society and the twenty-sixth 
Colloquium were held at Wellesley College, Wellesley, Massachusetts, 
on Sunday and Monday, August 13-14, 1944. The Mathematical As- 
sociation of America met on Saturday, August 12, and the Institute 
of Mathematical Statistics met on Saturday and Sunday, August 12— 
13. About three hundred persons attended the meetings among whom 
were the following two hundred thirty-two members of the Society: 


C. R. Adams, Louise Adams, R. B. Adams, R. P. Agnew, E. J. Akutowicz, 
Warren Ambrose, T. W. Anderson, R. F. Arens, H. E, Arnold, K. J. Arnold, L. A. 
Aroian, S. P. Avann, D. H. Ballou, Ruth Bari, J. L. Barnes, J. J. Barron, H. P. Beard, 
Stefan Bergman, Lipman Bers, Garrett Birkhoff, G. D. Birkhoff, M. L. Boas, R. P. 
Boas, H. W. Bode, A. H. Bowker, J. G. Bowker, J. V. Breakwell, R. H. Breusch, 
H. W. Brinkmann, E. T. Browne, R. E. Bruce, R. C. Buck, Leonarda Burke, W. D. 
Cairns, R. H. Cameron, B. H. Camp, M. E. Carlen, W. B. Carver, W. F. Cheney, 
S.S. Chern, M. D. Clement, I. S. Cohen, Nancy Cole, J. B. Coleman, Esther Comegys, 
T. F. Cope, L. P. Copeland, Richard Courant, A. P. Cowgill, J. H. Curtiss, M. D. 
Darkow, M. M. Day, F. F. Decker, C. E. Dimick, Arnold Dresden, William H. Durfee 
P. S. Dwyer, J. E. Eaton, Samuel Eilenberg, Paul Erdés, H. S. Everett, W. H. Fager- 
strom, E. E. Fedder, Will Feller, R. M. Foster, J. S. Frame, C. W. Franklin, Philip 
Franklin, R. E. Fullerton, D. G. Fulton, A. S. Galbraith, C. A. Garabedian, H. A. 
Garabedian, R. E. Gaskell, H. M. Gehman, Abe Gelbart, B. H. Gere, Michael Gold- 
berg, R. O. Goodman, W. H. Gottschalk, Lewis Greenwald, V. G. Grove, E. J. 
Gumbel, P. R. Halmos, M. G. Harrison, G. E. Hay, K. E. Hazard, O. C. Hazlett, 
G. A. Hedlund, A. E. Heins, M. R. Hestenes, T. H. Hildebrandt, Einar Hille, D. L. 
Holl, T. R. Hollcroft, Harold Hotelling, S. E. Hotelling, E. M. Hull, M. G. Hum- 
phreys, C. C. Hurd, Witold Hurewicz, B. M. Ingersoll, R. N. Johanson, A. W. Jones, 
B. W. Jones, F. B. Jones, H. A. Jordan, G. K. Kalisch, Wilfred Kaplan, M. E. Kellar, 
J. L. Kelley, L. M. Kelley, D. E. Kibbey, S. H. Kimball, J. R. Kline, M. E. Ladue, 
Rafael Laguardia, A. L. Lanckton, R. E. Lane, J. A. Larrivee, Joseph Lehner, Norman 
Levinson, Jaime Lifshitz, Charles Loewner, L. H. Loomis, E. R. Lorch, W. S. Loud, 
N. H. McCoy, E. A. McDougle, P. H. McGrath, E. J. McShane, C. C. MacDuffee, 
Saunders MacLane, Ingo Maddaus, M. G. Malti, R. J. Marcou, Morris Marden, 
W. T. Martin, P. R. Masani, A. E. Meder, B. E. Meserve, D. S. Miller, R. v. Mises, 
E. B. Mode, C. N. Moore, R. K. Morley, G. D. Mostow, C. A. Nelson, Otto Neuge- 
bauer, P. B. Norman, L. R. Norwood, C. O. Oakley, R. E. O’Connor, Rufus Olden- 
burger, P. S. Olmstead, Glynn Owens, Gordon Pall, R. S. Pate, R. S. Phillips, Everett 
Pitcher, Harry Pollard, A. L. Putnam, J. F. Randolph, C. H. Rawlins, Mina Rees, 
C. F. Rehberg, Eric Reissner, H. J. Riblet, Harris Rice, R. G. D. Richardson, C. E. 
Rickart, E. K. Ritter, H. A. Robinson, S. L. Robinson, R. E. Root, P. C. Rosenbloom, 
L. L. Runge, H. G. Russell, Raphael Salem, F. E. Satterthwaite, Henry Scheffé, 
O. F. G. Schilling, C. H. W. Sedgewick, R. W. Sedgewick, Abraham Seidenberg, 
H. S. Sharp, Seymour Sherman, W. A. Shewhart, Max Shiffman, D. M. Smiley, 
M. F. Smiley, Andrew Sobczyk, A. H. Sprague, E. R. Stabler, M. E. Stark, E. P. 
Starke, H. W. Steinhaus, R. W. Stokes, R. R. Stoll, M. H. Stone, D. J. Struik, J. S. 
Stubbe, M. M. Sullivan, Otto Sz4sz, J. D. Tamarkin, G. B. Thomas, M. M. Torrey, 
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J. I. Tracey, W. J. Trijitzinsky, A. W. Tucker, J. W. Tukey, H. S. Vandiver, Andrew 
Vazsonyi, J. H. Van Vleck, Abraham Wald, G. L. Walker, R. M. Walter, S. E. 
Warschawski, A. H. Wheeler, M. E. White, W. F. Whitmore, Hassler Whitney, D. V. 
Widder, V. A. Widder, E. W. Wilson, Jacob Wolfowitz, H. A. Wood, M. M. Young, 
S. D. Zeldin, J. A. Zilber, M. F. Zucker, Antoni Zygmund. 


The Colloquium Lectures on the subject Selected topics in the theory 
of semi-groups were delivered by Professor Einar Hille of Yale Uni- 
versity on Sunday and Monday mornings and afternoons. President 
M. H. Stone, Professor G. D. Birkhoff, Professor C. C. MacDuffee 
and Professor J. D. Tamarkin presided at the lectures. 

On Sunday at 3:15 P.M., Professor C. C. MacDuffee gave an ad- 
dress entitled On the composition of algebraic forms of higher degree. 
Professor T. H. Hildebrandt presided. 

Presiding officers at the sessions for contributed papers were: 
Probability and Statistics, Sunday morning, Professor B. H. Camp; 
Analysis, Sunday morning, Professor R. P. Agnew; General Session, 
Monday morning, Professor M. R. Hestenes; Algebra and Applied 
Mathematics, Monday afternoon, Professor Gordon Pall and Dean 
R. G. D. Richardson; Geometry and Topology, Monday afternoon, 
Professor A. W. Tucker and Professor P. R. Halmos. 

Headquarters for the meeting were in Tower Court. Rooms in the 
dormitory were made available for those attending the meeting. 

On Saturday evening, Wellesley College received the mathemati- 
cians and their guests in the Recreation Building. 

Tea was served Saturday and Monday afternoons in the Great 
Hall of Tower Court. 

A photograph was taken on Sunday at 1:15 P.M. 

On Sunday evening there was a dinner for members of the Society, 
Association, and Institute and their guests. Professor D. V. Widder 
was toastmaster. Miss Mildred McAfee, President of Wellesley Col- 
lege and Captain, United States Naval Reserve, welcomed the guests. 
Professor M. H. Stone spoke on American mathematics in the present 
war. Professor J. S. Frame presented a resolution of thanks to Presi- 
dent McAfee, the local committee and all who assisted them for their 
excellent arrangements and cordial hospitality. Following the dinner, 
Professor David Barnett of Wellesley College gave a piano recital. 

The Council met at 9:20 P.M. on August 13, 1944, in Great Hall, 
Tower Court. 

The Secretary announced the election of the following nineteen per- 
sons to membership in the Society (the address given is that of the 
member at the time of his application): 


Dr. Louise Belai, Our Lady of Cincinnati College; 
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Mr. John Valentine Breakwell, Tufts College; 

Mr. Richard Harland Brown, United States Navy Department; 

Mr. Paul D’Arco, DePaul University; 

Mr. Edward William Hazleton, Illinois Institute of Technology; 

Mr. Russell Frederick Heckman, Ingwersen Manufacturing Company, Inc., Denver, 
Colo.; 

Major William Hodgkinson, Jr., Army Air Forces, Washington, D. C.; 

Mr. James Mann Hurt, University of Texas; 

Mr. Phillip Sanford Jones, University of Michigan; 

Miss Margaret Elizabeth Kellar, American Mathematical Society, New York, N. Y.; 

Professor Rafael Laguardia, Instituto de Matematicas de la Facultad de Ingenieria, 
Montevideo, Uruguay; 

Mr. Paul Ellis Meadows, Cranbrook School, Bloomfield Hills, Mich.; 

Miss Alice E. Andrews Priestley, Lafayette College, Easton, Pa.; 

Ida Roettinger (Mrs. Wilfred Kaplan), University of Michigan; 

Professor Helen Adams Rouce, Langston University, Langston, Okla.; 

Mr. John Lawson Senior, Jr., Glenn L. Martin Co., Middle River, Md.; 

Mr. Jules H. Sreb, Johns Hopkins University; 

Dr. Andrew Vazsonyi, Graduate School of Engineering, Harvard University; 

Professor Shu-Chi Wu, National Hunan University, China; 

Rev. Alfred John Zanolar, St. Joseph’s College, Collegeville, Ind.; 

Sister M. Claudia Zeller, College of St. Francis, Joliet, Ill. 


It was reported that the following had been elected as nominees 
on the Institutional Membership of the institution indicated: 


California Institute of Technology: Messrs. Robert Francis Koeber Benton and 
Albert George Wilson. 


The following appointments by President M. H. Stone were re- 
ported: as representative of the Society at the inauguration of Harry 
S. Devore as President of Central College (Fayette, Missouri) on 
May 25, 1944, Professor G. E. Wahlin; as a Committee on Arrange- 
ments for the 1944 Annual Meeting in Chicago on November 24-25, 
Professors L. R. Ford (Chairman), T. R. Hollcroft, A. S. Householder, 
B. W. Jones, R. G. Sanger, and H. S. Wall; as a committee to study 
certain problems in connection with the future of Mathematical Re- 
views, Professors Oswald Veblen (Chairman), G. D. Birkhoff, Dr. 
Warren Weaver, and Secretary J. R. Kline (ex officio); as a com- 
mittee to study the role of the Society in the publication of mathe- 
matical research, Professors R. L. Wilder (Chairman), Garrett Birk- 
hoff, R. E. Langer, J. D. Tamarkin, A. E. Taylor, Oscar Zariski and 
Secretary J. R. Kline (ex officio). 

Times and places of meetings during 1945 were set as follows: 
February 24 in New York City; April 27-28 in New York City; 
April 27-28 in Chicago; April 28 in Stanford University; October 27 
in New York City. 
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Certain invitations to give hour addresses were announced: Pro- 
fessor S. M. Ulam for the April, 1945, meeting in Chicago; Professor 
Gabor Szegé and Dr. FrantiSek Wolf for the November, 1944, meet- 
ing in Los Angeles. 

The Council adopted the following resolution on the death of Pro- 
fessor David Eugene Smith: 

David Eugene Smith, professor emeritus of mathematics at Teachers College in 
Columbia University, died on 29 July, 1944, aged 84 years. Probably no other member 
of the Society had as many friends in this country and where he had personally visited 
in almost every country of the world. His special studies were in the fields of Pedagogy 
and History of Mathematics, and his attractive personality, coupled with exceptional 
gifts of facile and interesting exposition, made him an ideal lecturer. The special 
Library which he accumulated contains books, pamphlets, scores of medals and 
medallions, and thousands of portraits of mathematicians, as well as thousands of 
manuscripts and tablets, and it will long be a source for research. He was a prolific 
and popular writer, and mathematical editor of many encyclopedias. Millions of 
copies of his books were sold. 

The Society is indebted to him for service as a member of the Editorial Committee 
of its Bulletin, and for the extraordinary development of its Library while Librarian 
during a period of nineteen years. He was also one of our Vice Presidents. We salute 
the memory of one with whom contact always left a beautiful memory. Resolved that 
this minute be spread on the records and that a copy be sent to his family. 


President Stone, as Chairman of the War Policy Committee, pre- 
sented a report on the activities of his Committee as prepared for the 
Rockefeller Foundation. As announced previously, the Rockefeller 
Foundation made a grant of $2,500 to the War Policy Committee 
for its activities during the period August 5, 1943, to August 1, 1944. 
Of this amount, $1,500 has been contributed to the support of the 
Office of Scientific Personnel in Washington. This Office, which is 
subsidized by several leading scientific societies, has been of great 
aid to the mathematicians in a number of problems, including those of 
deferment. The War Policy Committee now has three subcommittees: 
Committee on Available Teachers of Collegiate Mathematics; a Sub- 
committee on War Training Programs; a Subcommittee to advise the 
Examinations Staff of the United States Armed Forces Institute. 

Since the inauguration of the War Policy Committee, the office of 
the Secretary of the Society has continued its policy of supplying to 
chairmen of departments of mathematics throughout the country, 
as quickly as possible, certain information regarding the proper use 
of mathematicians in the war effort and of regulations from Selective 
Service affecting the mathematicians. In this connection, nine mem- 
oranda have been distributed to some three hundred fifty chair- 
men of departments of mathematics. It is hoped that the information 
has helped chairmen in the solution of their personnel problems and 
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has contributed to the most effective use of mathematicians in the 
war effort. 

The Committee on Available Teachers of Collegiate Mathematics, 
with headquarters in the Secretary’s office, was appointed in order 
to aid department chairmen in securing teachers for the Army and 
Navy programs. Since the inauguration of the Committee’s work in 
April, 1943, two hundred seventy-four persons have registered. The 
Committee has answered requests from one hundred four different 
institutions. It is hoped that this Committee has been providing a 
worth while service in connection with the problem of the proper 
allocation of teachers of mathematics. Until the curtailment of the 
Army Specialized Training Program, there was an acute shortage 
of teachers of mathematics and department chairmen have taken 
advantage of the service and have found it valuable. This Committee 
will also be of service in aiding department chairmen in the solution 
of their postwar problems. 

At the request of Dr. Ralph W. Tyler, Chief of the Examinations 
Staff of the Armed Forces Institute, a subcommittee of the War 
Policy Committee was appointed in June, 1944, to advise Dr. Tyler’s 
staff. Members of this Committee are: Professors W. T. Reid (Chair- 
man), Ralph Beatley, L. L. Dines, W. L. Hart, and C. C. MacDuffee. 
As colleges and universities will face the problem, after the war, of the 
proper credit to be assigned to courses taken under the auspices of the 
Armed Forces Institute, this subcommittee will perform a vital serv- 
ice to mathematicians in this connection. 

The Subcommittee on War Training Programs has prepared care- 
ful analyses of the mathematical portions of the various service pro- 
grams, including the College Training Program (Aircrew) of the Army 
Air Forces, the Army Specialized Training Program, the Navy Col- 
lege Training Program. Copies of the latter two reports were dis- 
tributed by the Secretary’s office to chairmen of departments of 
mathematics and a selected list of other interested persons. The Navy 
Program report contained some specific recommendations which, it is 
hoped, will be of aid in making certain improvements in the Program. 

Titles and cross references to the abstracts of papers read are given 
below. The papers were read as follows: papers 1—6 in the section for 
Probability and Statistics, Sunday morning; papers 7-11 in the sec- 
tion for Analysis, Sunday morning; papers 12-16 in the general ses- 
sion, Monday morning; papers 17-22 in the session for Algebra and 
Applied Mathematics, Monday afternoon; papers 23-27 in the sec- 
tion for Geometry and Topology, Monday afternoon; and papers 28- 
77, whose abstract numbers are followed by the letter ¢, were read 
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by title. Professor P. L. Hsu was introduced by Professor Will Feller, 
Mr. Hsiung by Professor J. A. Shohat, Sister Ingonda von Mezynski 
by Professor H. P. Pettit. Paper 1 was read by Dr. Wolfowitz, paper 
4 by Professor Feller, paper 6 by Mr. Churchman, paper 8 by Pro- 
fessor Cameron, paper 19 by Dr. Sherman, paper 22 by Dr. Pate, 
paper 24 by Professor Eilenberg. 

1. Abraham Wald and Jacob Wolfowitz: Statistical tests based on 
permutations of the observations. (Abstract 50-9-253.) 

2. F. E. Satterthwaite: Error control in matrix calculation. (Ab- 
stract 50-9-251.) 

3. Abraham Wald: On cumulative sums of random variables. (Ab- 
stract 50-9-252.) 

4. P. L. Hsu: The approximate distribution of the mean and of the 
variance of independent variates. (Abstract 50-9-250.) 

5. E. J. Gumbel: Ranges and midranges. (Abstract 50-9-249.) 

6. C. W. Churchman and Benjamin Epstein: Statistics of sensitivity 
data. I1. Preliminary report. (Abstract 50-9-248.) 

7. P. C. Rosenbloom: Interpolation and extremal problems for ab- 
solutely monotonic functions. (Abstract 50-9-224.) 

8. R. H. Cameron and W. T. Martin: Evaluation of various Wiener 
integrals by use of certain Sturm-Liouville differential equations. (Ab- 
stract 50-9-212.) 

9. Otto Szisz: On the generalized jump of a function and Gibbs’ phe- 
nomenon. (Abstract 50-9-225.) 

10. B. M. Ingersoll: On singularities of solutions of linear partial 
differential equations. 11. (Abstract 50-9-217.) 

11. Harry Pollard: One-sided boundedness as a condition for the 
unique solution of certain heat equations. (Abstract 50-9-223.) 

12. A. W. Tucker: Antipodal-point theorems proved by an elementary 
lemma. (Abstract 50-9-259.) 

13. R. P. Agnew: Convergence fields of methods of summability. (Ab- 
stract 50-7-180.) 

14. W. J. Trjitzinsky: Singular elliptic and hyperbolic partial dif- 
ferential equations. (Abstract 50-9-226.) 

15. Gordon Pall: Note on factorization in quadratic fields. (Abstract 
50-9-205.) 

16. C. N. Moore: Convergence factors in general analysis. I. (Ab- 
stract 50-9-221.) 

17. Andrew Vazsonyi: An existence theorem in the theory of com- 
pressible fluids. Preliminary report. (Abstract 50-9-234.) 

18. R. R. Stoll: Primitive semigroups. (Abstract 50-9-206.) 
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19. Seymour Sherman, Jane DiPaola, and H. F. Frissel: Routh’s 
discriminant, flutter, and ground resonance. Preliminary report. (Ab- 
stract 50-7-190.) 

20. B. W. Jones: A canonical quadratic form for the ring of 2-adic 
integers. (Abstract 50-9-203.) 

21. Eric Reissner: On the theory of bending of elastic plates. (Ab- 
stract 50-9-232.) 

22. R. J. Duffin and R. S. Pate: Structure elements of quasigroups. 
III. (Abstract 50-7-175.) 

23. W. H. Gottschalk: Totally disconnected sets and almost periodic 
properties. (Abstract 50-9-257.) 

24. Samuel Eilenberg and N. E. Steenrod: Axiomatic approach to 
homology. (Abstract 50-9-254.) 

25. A. H. Wheeler: One-sided polyhedra from the five regular solids. 
(Abstract 50-7-193.) 

26. Abraham Seidenberg: Valuation ideals in polynomial rings. 
(Abstract 50-7-192.) 

27. Warren Ambrose: Structure theorems for a special class of 
normed rings. (Abstract 50-9-198.) 

28. R. P. Agnew: A family of bounded sequences summable M. (Ab- 
stract 50-7-179-t.) 

29. R. P. Agnew: A genesis for Cesdro methods. (Abstract 50-9- 
208-2.) 

30. R. P. Agnew: Criteria for completeness of orthonormal sets and 
summability of Fourier series. (Abstract 50-9-209-4.) 

31. R. P. Agnew: Abel transforms of Tauberian series. (Abstract 
50-9-207-t.) 

32. E. F. Beckenbach and R. H. Bing: Concerning the vertex mean- 
value property of harmonic polynomials. (Abstract 50-9-210-4.) 

33. E. T. Bell: Separable diophantine equations. (Abstract 50-9- 
199-2.) 

34. Stefan Bergman: A class of nonlinear partial differential equa- 
tions and their properties. (Abstract 50-9-211-t.) 

35. L. M. Blumenthal: Note concerning an extension of the notion of 
matrix rank. (Abstract 50-9-200-t.) 

36. Herbert Busemann: Local metric geometry. (Abstract 50-9-235- 
t.) 

37. R. H. Cameron and W. T. Martin: The Wiener measure of 
Hilbert neighborhoods in the space of real continuous functions. (Ab- 
stract 50-9-213-t.) 

38. Claude Chevalley: Intersections of algebraic and algebroid varie- 
ties. (Abstract 50-9-236-t.) 
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39. Nathaniel Coburn: The Kérmén-Tsien pressure-volume relation 
in the two-dimensional supersonic flow of compressible fluids. (Ab- 
stract 50-9-229-t.) 

40. A. J. Coleman: Phase space in Eddington’s theory. (Abstract 
50-9-230-t.) 

41. A. J. Coleman: Red-shift in the sun. (Abstract 50-9-231-2.) 

42. John DeCicco: Conformal maps with isothermal systems of scale 
curves. (Abstract 50-9-237-2.) 

43. J. J. Dennis: Some points in the theory of positive definite J-frac- 
tions. (Abstract 50-9-214-t.) 

44. R. J. Duffin and R. S. Pate: Structure elements of quasigroups. 
II. (Abstract 50-7-174-7.) 

45. Nelson Dunford and Einar Hille: The differentiability and 
uniqueness of continuous solutions of addition formulas. (Abstract 50- 
9-215-t.) 

46. H. W. Eves: Applications of some new matrix products to geome- 
try. (Abstract 50-9-238-t.) 

47. H. W. Eves: Skew curves setting up a null system in space. (Ab- 
stract 50-9-239-t.) 

48. H. W. Eves: Some associated theorems on matrices and determi- 
nants. (Abstract 50-9-201-t.) 

49. Mariano Garcia: Orbit-components and component orbits. (Ab- 
stract 50-9-255-t.) 

50. W. H. Gottschalk: A note on pointwise nonwandering mappings. 
(Abstract 50-9-256-t.) 

51. W. H. Gottschalk: Orbit-closure decompositions and almost peri- 
odic properties. (Abstract 50-7-195-t.) 

52. C. C. Hsiung: A study on the theory of conjugate nets. (Abstract 
50-9-240-t.) 

53. C. C. Hsiung: The contact of conics and quadrics with two sur- 
faces in space of n dimensions. (Abstract 50-9-242-t.) 

54. W.H. Ingram: On the integral equations of continuous dynamical 
systems. (Abstract 50-9-218-t.) 

55. Nathan Jacobson: Structure theory of simple rings without 
finiteness assumptions. (Abstract 50-9-202-t.) 

56. Edward Kasner: Conformal symmetry and satellite theory for al- 
gebraic curves. (Abstract 50-9-243-t.) 

57. R. E. Lane: The convergence and values of periodic continued 
fractions. (Abstract 50-11-273-t.) 

58. A. N. Lowan and H. E. Salzer: Formulas for complex interpola- 
tion. (Abstract 50-7-187-t.) 

59. Sister Ingonda von Mezynski: Projective description of some 
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plane sextic curves derived from conics as base curves. (Abstract 50-9- 
244-1.) 

60. D. S. Miller: Some properties of Carathéodory linearly measur- 
able plane point sets. (Abstract 50-9-220-1.) 

61. S. B. Myers: Arcs and geodesics in metric spaces. (Abstract 50- 
9-258-t.) 

62. E. N. Nilson and J. L. Walsh: On functions analytic in a region: 
approximation in the sense of least pth powers. (Abstract 50-9-222-t.) 

63. Moses Richardson: The pressure distribution on a body in shear 
flow. (Abstract 50-9-233-t.) 

64. H. E. Salzer: Coefficients for mid-interval numerical integration 
with central differences. (Abstract 50-7-188-t.) 

65. H. E. Salzer: Table of coefficients for differences in terms of the 
derivatives. (Abstract 50-7-189-t.) 

66. Peter Scherk: On the number of certain singularities of differ- 
entiable curves of order n+-1 in real projective n-space. (Abstract 50-9- 
245-t.) 

67. O. F. G. Schilling: Automorphisms of fields of formal power se- 
ries. (Abstract 50-7-176-t.) 

68. O. F. G. Schilling: Noncommutative valuations. (Abstract 50-7- 
177-t.) 

69. A. R. Schweitzer: On functional equations with solutions con- 
taining arbitrary functions. V1. (Abstract 50-7-183-t.) 

70. A. R. Schweitzer: On functional equations representing abstract 
groups. (Abstract 50-7-184-t.) 

71. A. R. Schweitzer: Functional relations valid in the domains of 
abstract groups and Grassmann’s space analysis. (Abstract 50-7-185-t.) 

72. W. J. Thron: A family of simple convergence regions for con- 
tinued fractions. (Abstract 50-7-186-t.) 

73. S. M. Ulam and C. J. Everett; On ordered groups. (Abstract 
50-7-178-t.) 

74. H. S. Wall: Note on the expansion of a power series into a con- 
tinued fraction. (Abstract 50-9-227-t.) 

75. P. A. White: On additive properties of compact sets. (Abstract 
50-7-196-t.) 

76. Y. C.Wong: Family of totally umbilical hypersurfaces in Einstein 
4-space. (Abstract 50-9-246-t.) 

77. Y. C. Wong: Quasi-orthogonal ennuple of congruences in Rie- 
mannian space. (Abstract 50-9-247-t.) 

T. R. HoLicrort, 
Associate Secretary 


HARRIS HANCOCK—IN MEMORIAM 


The death of Harris Hancock on March 16, 1944, at Charlottes- 
ville, Virginia, constituted a notable loss, both to the University of 
Cincinnati and to American mathematics. During his active career 
in Cincinnati, Hancock had always been a stout champion of scholar- 
ship at the highest possible level. After his retirement in 1937 he 
continued, in his letters to his friends and colleagues, his service in 
the good cause. In the last letter from him received by the writer 
of the present notice, written two days prior to his death, he expressed 
his great interest in our coming mathematical symposium and in ad- 
dition made certain cogent suggestions as to the development and 
improvement of mathematical scholarship at our institution. 

In choosing mathematics for a career Harris Hancock was motiv- 
ated by an interest in the subject that was genuinely enthusiastic. 
This interest he succeeded in communicating to all his more able 
students and to many of his friends who were not professional mathe- 
maticians. He was at all times thoroughly convinced of the major im- 
portance of mathematics, both as a fundamental and virtually 
indispensable discipline in education at the secondary and collegiate 
level, and as a most powerful aid in mankind’s unceasing quest to 
understand himself and the universe in which he lives. Hancock’s 
constant stress on the human interest of mathematics bore sub- 
stantial fruit in the inclusion of mathematics as one of eight de- 
partments of the University of Cincinnati to be aided by the Charles 
Phelps Taft Memorial Fund, a fund explicitly designated as being 
created in support of the humanities. 

In his recent obituary notice on William Fogg Osgood, published 
in this Bulletin, Professor Koopman ventured the opinion that 
Osgood’s excellent sense of balance in scientific fields was due in no 
small measure to his early training in the classics. As a former stu- 
dent under Hancock and Osgood and as one who has likewise profited 
by his own study of the classics, I wish to record here my concurrence 
in Professor Koopman’s opinion and my further belief that a similar 
educational background had much to do with the broad and bal- 
anced viewpoint manifested by Harris Hancock in his approach to 
scientific and educational questions. Like Osgood, Hancock had re- 
ceived a thorough classical training in his early years. Later both 
men received the inspiration to be found at the great mathematical 
centers of Europe in the late eighties and the early nineties. Finally 
they both returned to this country imbued with a desire to gradually 
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raise mathematical scholarship here to a level comparable with that 
of the leading European nations. Harris Hancock, in his own environ- 
ment and in such larger circles to which the influence of his environ- 
ment could extend, made notable contributions in this direction. 

To properly evaluate the importance of his contribution one must 
take account of the fact that some strong educational trends of his 
time were of a type distinctly hostile to his scientific and educational 
ideals. To have breasted adverse tides that would have swept a 
weaker individual off his feet and to have made excellent progress 
in spite of such handicaps was a notable achievement. 

Early in the century Hancock recognized the fact that there were 
developing certain pathological conditions in our educational sys- 
tem, for which the center of infection could be found in some of our 
colleges for teachers. Realizing that such conditions were a grave 
menace to the advancement of mathematical scholarship, he took 
time from the more congenial task of mathematical research and 
mathematical exposition to write a number of articles for the educa- 
tional journals which dealt with the field of secondary education. The 
title of two of these: The defective scholarship of our public schools— 
The pernicious influence of the colleges for teachers, 1 and II (School 
and Society vol. 9 (1919) pp. 552-556; vol. 10 (1919) pp. 336-343) 
indicates clearly his readiness to take a courageous stand in matters 
of genuine importance. It should be recalled, in this connection, that 
at the time these articles were written a College for Teachers at the 
University of Cincinnati had been in existence for some thirteen years. 
In the face of strong administrat:ve disapproval, Hancock had op- 
posed this form of expansion, urging instead that there be created a 
Department of Pedagogy in the College of Liberal Arts. 

In spite of the strong protests made by Hancock and some other 
mathematicians who shared his views, the general level of mathe- 
matical education in our secondary schools continued to fall through- 
out the period between World War I and World War II. The grave 
disadvantage which this state of affairs recently imposed on those 
charged with the responsibility for training officers for the Navy was 
clearly indicated in a letter from Admiral C. W. Nimitz (Mathe- 
matics Teacher vol. 35 (1942) pp. 88-89). Naturally, our deficiencies 
show up more clearly in time of war. However, they exist just as 
well in time of peace, since national efficiency depends to an impor- 
tant extent on mathematical education. 

From the year 1919 on Harris Hancock could only rely on the Col- 
lege of Liberal Arts and the relatively small Graduate School of Arts 
and Sciences for the promotion of mathematical scholarship in ac- 
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cordance with his ideals, inasmuch as the teaching staff in the College 
of Engineering and Commerce was made a separate unit at that time. 
Since, when he first came to the University of Cincinnati in Septem- 
ber, 1900, the entire mathematics staff consisted of himself, an assist- 
ant professor, and an instructor, one can readily see that he made 
notable progress in the face of many discouraging handicaps. 

In spite of the time and effort spent on the development of his de- 
partment and on the promotion of mathematical education at all 
levels, Hancock’s unflagging industry and systematic methods of 
work enabled him to complete an impressive amount of published 
work during his mathematical career. This work included eight books, 
four of which were very extensive and authoritative treatises on the 
theories involved, thirty-three research papers, and seven papers on 
various educational questions. The books and research papers deal 
with a rather wide range of subjects in the fields of Analysis, Algebra, 
and the Theory of Numbers. Hancock’s initial interest in these vari- 
ous topics had been enlisted during his period of European study, but 
he continued to work at them during his entire scientific career. His 
published works thus constitute the ripe harvest of many years of 
devoted labor. 

Hancock’s first books subsequent to his Berlin thesis (Maxima and 
minima of functions of several variables, 1903; Lectures on the calculus 
of variations, 1904) were published by the University of Cincinnati, 
which at that period had a press of its own. They were the outgrowth 
of a careful study of the profound work of Weierstrass and first hand 
contact with Weierstrass’ disciple, H. A. Schwarz. 

Beginning with the Theory of elliptic functions (John Wiley and 
Sons, 1910), we find the development of the theory showing the in- 
fluence of much independent work by Hancock and his students. The 
same is characteristic of his Elliptic integrals (John Wiley and Sons, 
1917), and in increasing measure of his Foundations of the theory of 
algebraic numbers, vols. 1 and II (Macmillan, 1931, 1932) and his 
Development of the Minkowski geometry of numbers (Macmillan, 1939). 
The date of publication of the last named work shows how the 
author continued his scientific labors, even after his retirement. 

Most of Hancock’s research papers were concerned with the same 
general fields treated in his books. As indicated above, some of this 
research, as well as other investigations, was later incorporated in his 
books. Other portions of it, however, are only available in the origi- 
nal papers. Space is lacking for a complete bibliography, but since 
the papers were published in well known journals, the interested stu- 
dent will have no difficulty in finding them. 
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In the case of one important activity of the American Mathemati- 
cal Society, Hancock was in advance of his colleagues in other institu- 
tions. Shortly after the end of the first World War he urged strongly 
that an abstract journal, edited, managed, and financed in this coun- 
try should be inaugurated. At that time there was little support for 
his idea. Many prominent mathematicians took the stand that the 
work of reviewing would take up so much time on the part of our 
younger American mathematicians that their own research would 
suffer. I think that experience in connection with Mathematical Re- 
views has shown that Hancock was right and that those who advo- 
cated the contrary view were wrong. 

Hancock’s efforts in behalf of better secondary school education 
brought about one important improvement in that field as far as the 
city of Cincinnati was concerned. A local committee, formed by his 
efforts, recommended strongly that one high school, devoted to col- 
lege preparation, should be organized as part of our city school sys- 
tem. This recommendation was favorably acted upon by the local 
School Board, and from about 1920 on the Walnut Hills Classical 
High School, beginning college preparation in the 7th grade and con- 
tinuing it through the 12th grade, was operated as an integral part 
of the Cincinnati Public Schools. The existence and success of such a 
school has undoubtedly raised the tone of education at the secondary 
level in the city of Cincinnati. 

A certain number of Hancock’s colleagues at the University of Cin- 
cinnati were in complete sympathy with his high scholarly ideals and 
his devoted efforts to raise the level of scholarship throughout our 
entire educational system. Others, however, seemed to think that his 
ambitions were too lofty for the institution in which he worked and 
that his efforts to improve scholarship in the secondary schools were 
foredoomed to frustration. It seems a pity that he could not have 
enlisted wider support for his eminently sane viewpoint. For under 
such circumstances there seems little doubt that his already impres- 
sive achievements would have been notably increased. However, his 
former students and that wider group of his friends and admirers, of 
which the first mentioned class constitutes a subgroup, may well find 
consolation in those immortal lines from Lowell’s poem, The present 
crisis: 

“Count me o’er earth’s chosen heroes,— 
they were souls that stood alone, 
While the men they agonized for hurled 
the contumelious stone.” 
CHARLES N. Moore 


AID TO LIBRARIES IN WAR AREAS 


Up to the end of 1943, more than $160,000 has been spent for sub- 
scriptions to 325 scholarly and scientific journals, to be stored in this 
country, for distribution after the war to libraries in war areas. The 
money is provided by a grant from the Rockefeller Foundation, which 
has allotted from $50,000 to $70,000 annually for this purpose, since 
1941. 

Several factors influence orders placed for each title: the journal’s 
foreign circulation before the war; the ratio of foreign circulation to 
total circulation; the number of free or exchange subscriptions; the 
number of copies available through gifts from subscribers in this 
country; and the relative importance of the journal to research. 

In no case have purchases equalled more than half the number of 
paid institutional subscriptions in Europe and Asia discontinued be- 
cause of the war. No funds are available for purchasing periodicals 
from individuals nor for the acquisition of volumes issued before 1939. 

The funds from the Rockefeller Foundation are administered by 
the Committee on Aid to Libraries in War Areas of the American 
Library Association. The committee’s periodical purchases are sup- 
plemented by gifts. In this way current issues and back files of im- 
portant periodicals have been secured for use in restocking libraries 
that have been damaged or destroyed. Anyone wishing to contribute 
mathematical journals for this purpose should address inquiries to 
Miss Edith A. Wright, Committee on Aid to Libraries in War Areas, 
Library of Congress Annex, Study 251, Washington, D. C. Prospec- 
tive donors are asked to report titles and dates of the journals avail- 
able to the office of the committee. Shipping instructions will then be 
issued, indicating where and how shipment should be made. 
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NOTES 


Dean T. M. Focke of the Case School of Applied Science has 
retired with the title emeritus. 


Professor Solomon Lefschetz of Princeton University has been 
elected an honorary member of the Mexican Mathematical Society. 


Professor I. F. Neff of Drake University has retired with the title 
emeritus. 


Dr. O. S. Adams of the United States Coast and Geodetic Survey 
has retired. 


Associate Professor Reinhold Baer of the University of Illinois 
has been promoted to a professorship. 


Dr. T. A. Bancroft of lowa State College has been promoted to an 
assistant professorship. 


Dr. F. C. Biesele of the University of Utah has been promoted to 
an assistant professorship. 


Associate Professor N. R. Bryan of the University of Maine has 
been promoted to a professorship. 


Dr. R. E. Byrne has been appointed to an assistant professorship 
at the University of California at Los Angeles. 


Dr. R. H. Cole of the University of Western Ontario has been 
promoted to an assistant professorship. 


Assistant Professor Mary E. Decherd of the University of Texas 
has retired. 


Assistant Professor H. L. Dorwart of Washington and Jefferson 
College has been promoted to an associate professorship. 


Dr. C. J. Everett of the University of Wisconsin has been pro- 
moted to an assistant professorship. 


Associate Professor W. M. Ewing of Lehigh University has been 
appointed to an associate professorship of geology at Columbia Uni- 
versity. 


Dr. Hans Fried of Swarthmore College has been appointed lec- 
turer. 


Associate Professor M. O. Gonzalez-Rodriguez of the University 
of Havana has been promoted to a professorship: 


817 


818 NOTES [November 


Mr. E. S. Grable of the University of Richmond has been pro- 
moted to an assistant professorship. 


Dr. Mary C. Graustein has been appointed to an assistant pro- 
fessorship at Tufts College. 


Associate Professor E. A. Hedberg of Baylor University, Waco, 
Texas, has been appointed visiting associate professor in electrical 
communications at Massachusetts Institute of Technology. 


Dr. Olaf Helmer of the College of the City of New York has been 
appointed lecturer at the New School for Social Research, New York 
City. 

Assistant Professor J. T. Hurt of the Agricultural and Mechani- 
cal College of Texas has been promoted to an associate professorship. 


Associate Professor A. E. Johns of McMaster University has been 
promoted to a professorship. 


Dr. R. E. Johnson has been appointed to an assistant professor- 
ship at Mount Holyoke College. 


Assistant Professor Roberta F. Johnson of Wilson College, 
Chambersburg, Pennsylvania, has been promoted to an associate 
professorship. 


Assistant Professor H. L. Krall of Pennsylvania State College has 
been promoted to an associate professorship. 


Dr. P. E. Lewis of Oklahoma Agricultural and Mechanical College 
has been promoted to an assistant professorship. 


Mr. H. W. Linscheid of the University of Nebraska has been ap- 
pointed to an assistant professorship at Eastern New Mexico College. 


Assistant Professor A. T. Lonseth of Iowa State College has been 
appointed to an assistant professorship at Northwestern University. 


Dr. R. R. R. Luckey of Houghton College has been promoted to 
an associate professorship. 


Dr. Leonard McFadden of Virginia Polytechnic Institute has been 
promoted to an associate professorship. 


Professor E. L. Mackie of the University of North Carolina has 
been appointed Dean of Men. 
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Dr. E. J. Mickle of Ohio State University has been promoted to an 
assistant professorship. 


Dr. C. G. A. Nordling of the University of Connecticut has been 
promoted to an assistant professorship. 


Miss Elizabeth A. Oliphant of Texas College of Arts and Indus- 
tries, Kingsville, Texas, has been promoted to an assistant professor- 
ship. 

Assistant Professor T. S. Peterson of the University of Oregon has 
been promoted to an associate professorship. 


Reverend J. H. Raymond of St. Martin’s College, Lacey, Wash- 
ington, has been promoted to an assistant professorship. 


Dr. I. F. Ritter of New York University has been promoted to an 
assistant professorship. 


Professor J. B. Rosenbach of the Carnegie Institute of Technology 
has been named secretary of the Division of Humanistic and Social 
Studies. 


Dr. E. H. Rothe has been appointed to an assistant professorship 
at the University of Michigan. 


Assistant Professor P. A. Samuelson of Massachusetts Institute of 
Technology has been promoted to an associate professorship. 


Assistant Professor Edith R. Schneckenburger of Michigan State 
Normal College, Ypsilanti, Michigan, has been promoted to an asso- 
ciate professorship. 


Dr. Abraham Schwartz of Pennsylvania State College has been 
promoted to an assistant professorship. 


Associate Professor D. V. Steed of the University of Southern 
California has been promoted to a professorship. 


Dr. B. M. Stewart has been appointed to an assistant professor- 
ship at Michigan State College. 


Assistant Professor A. E. Taylor of the University of California at 
Los Angeles has been promoted to an associate professorship. 


Dr. G. B. Thomas of Massachusetts Institute of Technology has 
been promoted to an assistant professorship. 


Assistant Professor Abraham Wald of Columbia University has 
been promoted to an associate professorship. 
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Assistant Professor S. E. Warschawski of Washington University 
has been promoted to an associate professorship. 


Associate Professor Antoni Zygmund of Mount Holyoke College 
has been promoted to a professorship. 


The following appointments to instructorships have been an- 
nounced: University of California: Dr. S. A. Schaaf; University of 
Chicago: Dr. R. M. Martin; Connecticut College: Dr. Josephine M. 
Mitchell; Cornell University: Dr. G. K. Kalisch; Drew University, 
Madison, New Jersey: Mr. Bernard Greenspan; University of Michi- 
gan: Dr. A. A. Grau; Northwestern University: Mr. Neil Lockwood; 
Ohio State University: Mr. P. S. Jones; Pennsylvania State College: 
Dr. L. P. Hutchison; Princeton University: Mr. Abraham Hillman; 
Smith College: Miss Aida Kalish; Sweet Briar College: Miss Helen S. 
Pollock; Wilson College, Chambersburg, Pennsylvania: Miss Alice 
E. A. Priestly. 


Professor Ralph Fowler of the University of Cambridge died 
July 3, 1944, at the age of fifty-five years. 


Professor P. M. Merino of the University of Havana died April 3, 
1944. 


Professor M. L. Drum of Bucknell University died July 2, 1944. 
He had been a member of the Society since 1933. 
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ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


260. R. A. Beaumont: Groups with isomorphic proper subgroups. 


A completely reducible group is a group which is the direct product of groups of 
rank 1. Necessary and sufficient conditions that a completely reducible group have an 
isomorphic proper subgroup are found. If G is a completely reducible abelian group 
without elements of infinite order, then G has an isomorphic proper subgroup if, 
and only if, G is of infinite rank. If G is a completely reducible abelian group without 
elements of finite order, then G has an isomorphic proper subgroup if, and only if, 
either G has a direct factor which is essentially a proper subgroup of the additive 
group of all rational numbers or G is of infinite rank. (Received September 29, 1944.) 


261. R. H. Bruck: Quasigroup theory. 11. The lower central series. 
Preliminary report. 


This abstract is a continuation of abstract 50-5-107. Let G be a loop with unit 1, 
@ be the group consisting of all products of a finite number of permutations R,, Ly, 
R,“ and Ly, where xy=xR,=yL,. R. Baer has posed the problem of determining 
an “inner mapping group” $C @ with the property that a subloop HCG is normal if 
and only if invariant under $. It is shown here that $ is generated by the set of all 
permutations moreover UCG is in if and only 
if 1U=1. If His any subloop of Gand Many set of mappings of G which map H into 
itself, the H-subloop H(M) generated by all elements xALz* with xCH, ACM is 
mapped into itself by M. In particular if H is a normal subloop of G then H(3) is 
normal both in G and in H, and H/H(§) is an abelian group. The lower central 
series of G may be defined by Hp=G, H,=G’=H)(3), H:=Hi(9),---, and the 
notions of solubility and class are immediate. $ is a group of automorphisms of G 
only in special cases, as for example in the (non-trivial) case of a commutative Mou- 
fang loop. (Received August 21, 1944). 


262. R. H. Bruck: Quasigroup theory. III. Finite p-loops. Prelim- 
inary report. 

In this study a finite loop G is called a p-loop if and only if the associated group G 
is a p-group. Also if H is a normal subloop of G then by definition (H, G) = H(3). (For 
explanation of these notations see abstract 50-11-261.) Finally a loop is said to be 
abelian if and only if it is a commutative group. It is then shown that many of the 
elementary theorems for p-groups, and even some of the proofs, remain valid when 
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the word “group” is replaced throughout by “loop.” For example, P. Hall's proof of 
the Burnside basis theorem survives without further change; the essential underlying 
theorems are valid but require new proofs. Again, the upper and lower central series 
exist and have equal length c, the class of the p-loop. However, as shown by construc- 
tion, there exist metabelian p-loops of order p*, for an odd prime, in contrast with 
the case for groups. It is to be noted that although every p-loop has prime-power or- 
der, the converse is false; nevertheless every p-group is also a p-loop in the present 
sense. (Received September 21, 1944.) 


263. A. L. Foster: The idempotent elements of a commutative ring 
form a Boolean algebra; application to principal ideal rings; ring duality 
and general transformation theory. 


In a previous communication ([1] Foster and Bernstein, Duke Math. J. vol. 11 
(1944) pp. 603-616), it was shown that the classical symmetry and duality of Boolean 
algebra is merely an instance of a symmetry-duality theory inherent in the general 
concept of ring. The present paper is mainly concerned with (a) an application of this 
theory to yield the extension of Stone’s theorem mentioned in the title; (b) a special- 
ization of this extension to the factor rings of principal ideal rings; (c) a remark on 
Boolean-like rings (a certain generalization of Boolean rings in which the ring addi- 
tion has the same formal definition as in ordinary Boolean rings); (d) a preliminary 
location of the ring-duality theory of [1] within the framework of a more general 
transformation theory. (Received September 11, 1944.) 


264. L. K. Hua: On the distribution of quadratic non-residues and 
the Euclidean algorithm in real quadratic fields. 1. 


This paper determines conditions under which the Euclidean algorithm cannot 
hold in a real quadratic field, by first obtaining an upper bound for the least quadratic 
non-residue q; of a given prime p. Let p2e™*, and let gi, g2, and gs be the three least 
prime quadratic non-residues mod p. Then q; is at most (60p/*)°*%, while g2 and gs 
have similar bounds with the coefficient 60 replaced by 240 and 720, respectively. 
These results are established by appeal to certain lemmas of Rosser (Amer. J. Math. 
vol. 63 (1941) pp. 211-232). Actually, similar results could be obtained under the 
weaker hypothesis p2e™®, but the proof would be much more complicated. Using 
these inequalities it is proved that there is no Euclidean algorithm in the real quadratic 
field R(d”?) when d is square-free and greater than e*°, This extends results of Rédei 
and A. Brauer. (Received November 3, 1944.) 


265. L. K. Hua and S. H. Min: On the distribution of quadratic 
non-residues and the Euclidean algorithm in real quadratic fields. I1. 

The problem of the existence of the Euclidean algorithm in quadratic fields 
R(m?) is still unsolved only in the case that m=? is a prime of form 8n-+1. In this 


paper it is proved that the algorithm does not exist if p>137 is a prime of form 24n 
+17. (Received September 9, 1944.) 


266. Nathan Jacobson: A definition of the radical for an arbitrary 
ring. 


If A is an arbitrary ring with an identity, the radical N is defined to be the totality 
of elements z such that 1 +22 has a right inverse for every a in A. If A does not have an 
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identity, the radical is defined by using the concept of a quasi-inverse due to Perlis, 
It is shown that N is a two-sided ideal and it coincides with the left radical, defined in 
a similar manner. If A hasan identity, N is the intersection of the maximal right (left) 
ideals of A. The results of Stone and of McCoy are a consequence of this theorem. The 
author has also investigated the radical of an arbitrary algebra and of a normed 
ring and in the latter case has obtained the criterion: s€ N if and only if (za)*—+0 for 
every a in A. (Received August 30, 1944.) 


267. Jakob Levitzki: Chain-conditions and nilpotency. 


Let S be an arbitrary ring. Denote by N,, N, and N, the sum of all nilpotent, semi- 
nilpotent and nil-ideals of S, respectively. R. Brauer (Bull. Amer. Math. Soc. vol. 48 
(1942) pp. 752-758) by a simple argument proved that if the minimal condition holds 
for the ideals of S contained in N,, then N, is nilpotent. By a similar argument the 
author derived a characteristic condition for the nilpotency of N, (Duke Math. J. 
vol. 11 (1944) pp. 367-368). In the present note, characteristic minimal and maximal 
conditions are derived for the nilpotency of N,, Nand N,. These results are corollaries 
of the following theorems: Denote by Ri, Rz,-+-+ resp. by Ly, Ls, +++ infinite se- 
quences of right resp. left-ideals of a nil-subring T of S, then T is nilpotent if and only 
if: I. Each descending chain of the form SL,)SL,L,) --+- and of the form R,S 
- is finite. II. Each ascending chain of the form L114), and 
of the form (O:R;):C(O:R:R;):C --- is finite. These theorems yield as a conse- 
quence various characteristic conditions for the semi-primarity of a ring. (Received 
September 7, 1944.) 

ANALYsIS 


268. R. P. Agnew: A simple and natural notation for the theory of 
summability of series and sequences. 


It is proposed that methods of summability be regarded as operators, and that the 
operational (that is, functional) notation be employed in the theory of summability. 
Thus the statement that a given sequence So, 51, 52, °° * OF {sn} is summable to ¢ by 
a given method A is represented by =A } or o=A {sq}. The statement 
that a series or is summable B to is abbreviated to uo 
+m-+--+} or o=B{ >} Discussions and examples are given to illustrate the 
notation which, the author believes, should have been universally adopted many 
years ago. (Receiyed September 28, 1944.) 


269. R. P. Agnew: Spans in Lebesgue and uniform spaces of trans- 
lations of step functions. 

It is shown that, for each p>1, the closure in the Lebesgue space L, of the linear 
manifold determined by the translations of a given simple step function is the whole 


space Ly. An explicit formula is given for the approximation of one simple step func- 
tion by linear combinations of translations of another. (Received September 23, 1944.) 


270. E. F. Beckenbach: Concerning the definition of harmonic func- 
tions. 

The following result, which may be compared with the Looman-Menchoff theorem 
concerning the Cauchy-Riemann first order partial differential equations, is estab- 
lished: If the real function u(x, y) and its first order partial derivatives are continuous 
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in the finite domain D, and if the second order partial derivatives d*u/dx* and du/a¥ 
exist at all points of D except at most at the points of a denumerable set of points in 
D, are Lebesgue integrable in D, and satisfy the Laplace equation almost everywhere 
in D, then u(x, y) is harmonic in D. (Received October 2, 1944.) 


271. R. P. Boas and Harry Pollard: Completeness of sets of func- 
tions. 1. The Legendre functions on (—1,1). Preliminary report. 


The authors discuss the completeness of sets of Legendre functions P,,(x) for 
values of the subscripts which are not necessarily integral. By use of Abel’s integral 
equation and Young’s inequality it is shown that these functions are complete 
L»(—1,1) if the functions {cos Xx} are complete L7(0,x) and only if {sin Asx} are 
complete L,(0,7). Further generalizations are obtained. (Received September 30, 
1944.) 


272. B. M. Ingersoll: On singularities of solutions of linear partial 
differential equations. III. 


It is a well known result for second order linear partial differential equations of 
hyperbolic type, (1) uzy+a(x, y)s+b(x, y)uy+c(x, y)u+d(x, y) =0, that if a, b,c, d 
are continuous, a unique solution u(x, y) of (1) is determined by the prescription of 
u(x, 0), u(O, y), if u(x, 0) and u(0, y) are both of class C™ arid u(x, 0)..0=u(0, y)y—0. 
This paper contains a generalization of this classic boundary value problem. It is 
shown that if a, b, c, d are of class C*-» and if three determinants, the elements of 
which consist of linear combinations of the coefficients a, b, c, d and their derivatives 
evaluated at the origin, are not zero, then a unique solution u(x, y) of (1) over a cer- 
tain rectangular domain is determined by the prescription of (d*u(x, y)/dy*)y-0=f(x) 
and (0*u(x, y)/dx*).-0.=g(y), where f(x) and g(y) are subject to the conditions that 
they both be of class C* and that f®(0) =g (0). (Received September 28, 1944.) 


273. R. E. Lane: The convergence and values of periodic continued 
fractions. 


Two elementary results from the theory of linear fractional transformations are 
used to provide a simple, concise proof of a theorem (originally presented by Otto 
Stolz in a different form) which gives conditions necessary and sufficient for the con- 
vergence of the periodic continued fraction. (Received August 13, 1944.) 


274. Raphael Salem: On power series with integral coefficients. 


The paper contains results on the behavior of power series with integral coefficients 
and their connections with certain classes of algebraic integers. A new proof is given 
of the closure of the set of algebraic integers whose conjugates lie all inside the unit 
circle (see Duke Math. J. vol. 11 (1944) p. 103). It is proved that a power series with 
integral coefficients converging in the unit circle takes values arbitrarily close to any 
given number, unless it represents a rational function. This theorem is extended in 
various ways, in particular to monomorphic functions. Also a power series with inte- 
gral coefficients can not be schlicht in the unit circle unless it is a rational function. The 
paper gives some properties of the class of algebraic integers having one conjugate 
inside the unit circle, and all others on the unit circle. The distribution of these num- 
bers is studied, as well as their connection with power series with integral coefficients. 
(Received September 23, 1944.) 
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275. Otto Sz4sz: On Lebesgue summability and its generalization to 
integrals. 

Hardy and Littlewood proved that (C, —a) summability for some positive a <1 im- 
plies Lebesgue summability. The author proves the following generalization: if a series 
is summable (C, 1—a) and the absolute values of the (C, —a) means are bounded 
(C, 1), then the series is Lebesgue summable. This summation method is then general- 
ized to integrals and to a general class of trigonometric series. (Received September 
29, 1944.) 

APPLIED MATHEMATICS 


276. Stefan Bergman: Representation of potentials of electric charge 
distributions. 


The author investigates the harmonic functions V(x;), k=1, 2, 3, obtained as po- 
tentials of charges of the linear density F({) along curves [xi* =&(t), k=1, 2, 3, fo 
Sts], where F and the & are rational functions of ¢. V(fo, £1; x) is a hyperelliptic 
integral, /f:F(s)[[](¢—a,)]}dr, where the a, are algebraic functions of the xs. 
Generalizing his previous considerations (see Math. Ann. vol. 101 (1929) p. 534 and 
Bull. Amer. Math. Soc. vol. 49 (1943) p. 163) and using classical results, the author 
studies the V(fo, 1; x4) considered as functions of the x,. Every V can be represented 
as a sum of the integrals of the first, second and third kind. The periods wag(xz) of the 
integrals of the first kind are entire functions of the a,. The periods of the integrals of 
the second and third kinds can be expressed in a closed form using @-functions in terms 
of the wag(xz). Every V(to, £1; xx) can be expressed in a closed form using 6-functions in 
terms of the wag(xz) and the integrals of the first kind. Analogous results are obtained 
for the potentials V considered as functions of the x; and some additional parameters 
Y,, say the coefficients of the function &(¢). (Received September 29, 1944.) 


277. H. W. Eves: Calculating machine computation forms for the 
three-point problem on a rectangular coordinate system. 


The three-point problem of surveying has been solved by plane table methods, 
mechanical methods, trigonometrical methods, geometrical construction methods, 
and coordinate geometry methods. In view of the general trend to tie surveys into 
the various state plane coordinate systems, and because of the increasing adoption 
by engineering concerns of calculating machine procedures to replace the former 
logarithmic ones, the last, or coordinate geometry methods, are considered the most 
important. In this paper four different geometrical construction solutions are utilized 
in building up four corresponding calculating machine forms for finding the coordi- 
nates of the observation point in terms of the coordinates of the three observed points 
and the two observed angles. These forms do not exhibit any very great differences in 
length or simplicity, running from one of forty entries to one of fifty-six entries, and 
involving more or less the same combinations of the given elements. One of the forms 
is essentially that developed and used by the Tennessee Valley Authority. The others 
are believed to be new. (Received September 11, 1944.) 


278. I. J. Schoenberg: An interpolation formula derived from heat- 
flow. I. 


Let {f.} (— © <n< ©) bea real sequence. Consider the function F(x, 0) whose 
graph is the polygonal line of vertices (m, f,) as a temperature distribution along the 
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x-axis at the time ¢=0. Let F(x, #) denote the resulting temperature distribution at 
the time ¢>0 according to the equation 40F/dt = #F/dx*. For a fixed t, say ¢=1/2, 
F(x, t) depending linearly on the parameters {f,} is now used as a family of inter- 
polating functions. Indeed, for a given sequence of equidistant ordinates {y.} 
(— << ©), the interpolation problem F(n, t)=y, (— © <n< ©) admits the fol- 
lowing explicit solution: (1) F(x, )= (x—n, t). Here N(x, =(1/2x) 

ux du where ¥(u)=(sin 2-u/2-u)* exp{—t(2-u)*}, $(u) 
=> For t=0, N(x, N(x, 0)=0 (x>1 or 
x<—1), and (1) reduces to the linear interpolation of the ordinates {y,}. For t+, 
N(x, ©) =sin rx/xx and (1) reduces to the cardinal interpolation series (2) F(x, ©) 
= > a¥n{sin x(x—n)/x(x—n)}. For a fixed finite ¢, such as #=1/2, formula (1) com- 
bines the smooth character of (2) (¢= ©) with the computational advantages of linear 
interpolation (¢=0). The computational advantage of a finite ¢ arises from the ex- 
ponential damping of N(x, #) as compared with the slow damping of sin xx/xx. (Re- 
ceived October 2, 1944.) 


279. I. J. Schoenberg: On smoothing and subtabulation of empirical 
functions by means of heat-flow. I. 


Given a sequence of ordinates to be smoothed and subtabulated; the parameters 
{fn} of the interpolating function F(x, #) of the previous paper are now determined 
so as to minimize S=)_*___{ F(n, t)—yn}*+<_,__.(fa—3=)®, where ¢ is a positive 
smoothing parameter. For e=0 the previous interpolation problem results. For «= ©, 
Sn=yn, and F(x, #) is the smoothed version by heat-flow of the polygonal line F(x, 0) 
of vertices (, y,). A compromise between strict interpolation (e=0) and pure smooth- 
ing (e= ©) gives the explicit solution (1) F(x, t, =>. (x—n, t, «), where 
N(x, €) = (24), { }¥(u) cos ux du. Clearly N(x, t, 0) is 
identical with N(x, t) of the previous paper. Eight-place tables have just been com- 
puted on punched card machines for the function N(x, t, ¢) and its derivatives 
NI (x, t, t, for t=1/2, e=0, 0.1, 0.2,--+, 0.9, 1.0 and the range 
—18.5 $x318.5 (step 0.1) outside of which these functions vanish to 8 places. On 
increasing the smoothing parameter e, the approximation (1) becomes smoother in the 
following sense: If < all integrals F®) (x, t, } (k=0, 1, ) exist 
and each is a monotone decreasing function of «in the range 0 Se< ©. This procedure 
is being applied to certain empirical functions for which very smooth tables are re- 
quired. (Received October 2, 1944.) 


280. Alexander Weinstein and J. R. Pounder: On two elementary 
problems of mechanics and electromagnetic theory. 

It is shown that the problem of the motion of a heavy particle on a rotating earth 
and the problem of the motion of a point charge in uniform electric and magnetic 


fields are mathematically equivalent, except for a change of axes; whereas they are 
usually treated by different methods. (Received September 29, 1944.) 


GEOMETRY 
281. J. E. Wilkins: A special class of surfaces in projective differen- 
tial geometry. II. 


In this paper, which is a sequel to one appearing under the same title (Duke 
Math. J. vol. 10 (1943) pp. 667-675), a more intensive study is made of surfaces in 
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three-dimensional projective space which satisfy the condition By’ —y¢* =0. The sub- 
class of these surfaces which also satisfy the condition ¢yk?=9fy with a constant k 
plays an important role. Applications are made to conjugal quadrics, D, quadrics and 
curves, asymptotic section quadrics, chord section quadrics, the Segre-Darboux con- 
jugate nets, deformable curves, projective curves, axial quadrics, and other projective 
differential concepts. (Received September 29, 1944.) 


LocGic AND FOUNDATIONS 


282. A. E. Meder and Elizabeth Hallett: The equipollence of two 
systems of axioms. 


It is proved that axioms 1-5 of the set given by Weisner (Trans. Amer. Math. Soc. 
vol. 38 (1935) pp. 474-484) for a “hierarchy” and the set of axioms given by Klein- 
Barmen (Math. Ann. vol. 111 (1935) pp. 596-621) for a “Verband” are equipollent, 
and that Weisner’s axiom 6 is not derivable from Klein’s axioms. (Received September 
30, 1944.) 


STATISTICS AND PROBABILITY 


283. L. A. Aroian: The frequency function of the product of two 
normally distributed variables. 


Let s =xy/o.o2, x and y normally distributed, the means be denoted by X, Y, stand- 
ard deviations by o1, coefficient of correlation by rzy, and p:=X/o1, Y/os. C.C. 
Craig (Annals of Mathematical Statistics vol. 7 (1936) pp. 1-15) has obtained the 
probability function of the product as the difference of two integrals and also as the 
sum of an infinite series of Bessel functions of the second kind. The author proves 
that as p; and p: approach infinity in any manner the distribution of z approaches 
normality, —1 <r <1. The theorem holds in addition under the circumstances ©, 
— ©; — ©, — 1; p> — pp 1; With —1 <r <1. The distribution of z 
approaches normality, further, if p; is constant, p.—+°, —1Sr31; and the same 
variations in p, and p; apply as in the previous theorem. The special case r =0 is dis- 
cussed in some detail. When p; and p: are small, the Gram-Charlier Type A series and 
the Pearson Type III function are excellent approximations in the proper regions. To 
determine the numerical values of the exact probability function of z, the author uses 
mechanical quadrature to evaluate the two integrals, since the series development 
converges very slowly even for values of p; and p; as small as 2. (Received September 
25, 1944.) 

TOPOLOGY 


284. R. F. Arens: Topologies for the class of continuous functionals 
on a completely regular space. 


Among the topologies that can be introduced into a class C of continuous mappings 
of one topological space A into another, B, those which are “admissible” are of especial 
interest. A topology for C is admissible if the expression f(x), where f is an element of 
C and ~x is a point in A, depends continuously on f and x simultaneously (cf. abstract 
49-1-89). The paper contains a proof that a weakest admissible topology for C always 
exists when A is completely regular and locally bicompact. (One topology is weaker 
than another if the open sets of the former are included among the open sets of the 
latter.) On the other hand, if A is completely regular and B contains a simple arc 
(in particular, if B is a real interval) and C is known to have a weakest admissible 
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topology, it follows that A is locally bicompact. This result is interesting because it 
was once conjectured that a weakest admissible topology would always exist whether 
A were locally bicompact or not, and because it provides a new characterization for 
locally bicompact spaces. (Received August 28, 1944.) 


285. P. J. Kelly: Some properties of a certain interchange type of 
self-isometry. 


An isometric mapping of a set on itself, not the identity, which leaves each ele- 
ment invariant or else interchanges it with another is defined as a self-isometry of 
order two. It is shown that if each of two finite, isometric sets has the above type of 
self-isometry, and if the non-smaller of the two subsets left respectively invariant 
does not have this type of self-isometry, then there is an isometry of the original sets 
which maps one invariant subset on the other. This result is applied to prove that 
if the cartesian product sets E* and F* are formed from finite metric sets E and F, 
and are metrized by one of a certain class of functions, then E* isometric to F* implies 
E isometric to F provided that one of the diagonal sets of E* and F* fails to have a self- 
isometry of order two. (Received September 20, 1944.) 


286. A. H. Stone: On the normality of product spaces. Preliminary 
report. 


It is proved that a necessary and sufficient condition for a product of separable 
metric spaces to be normal is that all but a countable number (at most) of the factor 
spaces be compact. (Received August 7, 1944.) 


287. P. A. White: On regular transformations. 


A transformation T(K) =K’, where K is a compact metric space and T is continu- 
ous and single-valued, is called n-regular if for any sequence of points (y;) of K’ con- 
verging to y, one has (7—*(y;))—+7-(y), r-regularly for all rSn. (For definitions of 
r-regular convergence see G. T. Whyburn, On sequences and limiting sets, Fund. Math. 
vol. 25 (1935).) It is shown that if T is m-regular, then the n-dimensional Betti group 
of K is the direct sum of two groups, one of which is isomorphic with the n-dimensional 
Betti group of K’, while the other is isomorphic with the m-dimensional Betti group of 
T-*(y) relative to K for any point y&XK’. It is also shown that the property of being 
an Ic* (locally connected for all dimensions not greater than m) is invariant under an 
(n—1)-regular transformation, and that this property is invariant under the inverse 
of an m-regular transformation. Finally it is shown that under m-regular transforma- 
tions the property of being an n-dimensional closed Cantorian manifold is invariant 
provided the dimension is not increased and that the transform contains more than 
one point. (Received September 23, 1944.) 


288. G. W. Whitehead: On products in homotopy groups. 


This paper is devoted to an investigation of the multiplication in homotopy 
groups defined by J. H. C. Whitehead (Ann. of Math. vol. 42 (1941) p. 411). The 
principal tool is a new product, depending on four elements aCz2,(X), BEx,(X), 
¢€2r,_-1(F), and YExp_:(F’), where F and F’ are certain function spaces over X de- 
pending on aand 8, and zp denotes the pth homotopy group. The generalized products 
of J. H. C. Whitehead are characterized in terms of the ordinary products and certain 
isomorphisms between the homotopy groups of X and F. Asa corollary to a general 
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theorem on the structure of the function space X® it is shown that the “Einhangung” 
(Freudenthal, Compositio Math. vol. 5 (1937) pp. 299-314) of a product is always in- 
essential. Finally it is shown that if a is an element of a certain subgroup of 5,¢-1(S*) 
(the whole group if and 8, are elements of then (8+8)a=[8y, 6’ 5]+Ba 
+f’a, where y and é are elements of x,(S*) and x,(S?) depending only on a. (Received 
August 23, 1944.) 


NEW PUBLICATIONS 


Barwaz, J. See SzAsz, O. 

Biarr, M. M. Elementary statistics with general applications. New York, Holt, 1944. 
14+690 pp. $3.50. 

Cuurca, A. Introduction to mathematical logic. Part I. (Annals of Mathematics 
Studies, no. 13.) Princeton University Press, 1944. 64-118 pp. $1.75. 

MORGENSTERN, O. See von NEUMANN, J. 

von NEUMANN, J., and MORGENSTERN, O. Theory of games and economic behavior. 
Princeton University Press, 1944. 18-+625 pp. $10.00. 

Situ, T. L. See STERNBERG, W. J. 

STERNBERG, W. J., and Situ, T. L. The theory of potential and spherical harmonics. 
(Mathematical Expositions, no. 3.) University of Toronto Press, 1944. 124312 
pp. $3.35. 

SzAsz, O. Introduction to the theory of divergent series. Lectures by O. Sz4sz, written 
by J. Barlaz. University of Cincinnati, 1944. vi+72 pp. $1.25. 
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Society’s publication program caused by the ever increasing number of important 
mathematical memoirs. Of this fund, which now amounts to some $65,500, a consid- 
erable proportion was contributed by members of the Society. Under the terms of the 
will of the late Robert Henderson, for many years a Trustee of the Society, the Society 
receives approximately $4,000 yearly. Upon the death of the other legatees, the So-~ 
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SPECIAL FUNDS 
The Bécher Memorial Prize. 


This prize was founded in memory of Professor Maxime Bécher. It is awarded 
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the preceding five years in a recognized journal published in the United States or 
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Sixth Award, 1943: To Jesse Douglas, for his memoirs Green's function and the 
problem of Plateau, The most general form of the problem of Plateau, and Solution of the 
inverse problem of the calculus of variations. 

The Frank Nelson Cole Prize in Algebra. 
The Frank Nelson Cole Prize in the Theory of Numbers. 


These prizes were founded in honor of Professor Frank Nelson Cole, on the occa- 
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The Eliakim Hastings Moore Fund. 

This fund was founded in 1922 in honor of Professor Eliakim Hastings Moore, 
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books or memoirs, or the award of prizes. 


The Marion Reilly Fund. 
Dean Marion Reilly willed to the American Mathematical Society a portion of 


her estate to be used for the advancement of research in pure mathematics. The prin- 
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the interest on which, at the discretion of the Council, can be used for the furtherance 
of such mathematical interests as (a) the publication of important mathematical 
books, memoirs, and periodicals, and (b) lectures to be delivered on special occasions 
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The Robert Henderson Fund. 
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Robert Henderson presented to the Society an unrestricted gift of $1,000 which the 
Trustees have set aside as the Robert Henderson Fund. 
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Abramowitz, Milton. Asso. Math., Math. Tables Project, National Bur. of Standards, 
Dept. of Commerce, 150 Nassau St., New York 7, N.Y. 832 Ocean Ave., 
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BY-LAWS OF THE 
AMERICAN MATHEMATICAL SOCIETY 


ARTICLE I 


OFFICERS 

Section 1. There shall be a President, three Vice Presidents, a Secretary, four 
Associate Secretaries, a Treasurer, and a Librarian. 

Section 2. It shall be a duty of the President to deliver an address before the 
Society at the close of his term of office or within one year thereafter. 

Section 3. The Librarian shall have charge of arrangements for the exchange of 
the Society’s publications. 

ARTICLE II 


BoarD OF TRUSTEES 

Section 1. There shall be a Board of Trustees consisting of five trustees elected 
by the Society, in accordance with Article V. 

Section 2. The function of the Board of Trustees shall be to receive and ad- 

minister the funds of the Society, to have full legal control of its investments and 
properties, to make contracts and, in general, to conduct all business affairs of the 
Society. 
Section 3. The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the con- 
duct of the affairs of the Society, and to fix the terms and conditions of their em- 
ployment. The Board may delegate to the officers of the Society duties and powers 
normally inhering in their respective corporative offices, subject to supervision by 
the Board. The Board of Trustees may appoint committees to facilitate the conduct 
of the business of the Society and delegate to such committees such powers as may 
be necessary or convenient for the proper exercise of those powers. Agents appointed, 
or members of committees designated, by the Board of Trustees need not be mem- 
bers of the Board. 

Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the investments, proper- 
ties and contracts of the Society. 


ARTICLE III 


EDITORIAL COMMITTEES 
Section 1. There shall be six Editorial Committees—one of four members for 
the Bulletin, one of three members for the Transactions, one of three members for 
the Mathematical Reviews, one of three members for the Colloquium Publications, one 
of three members for the Mathematical Surveys, and one consisting of three repre- 
sentatives of the Society on the Board of Editors of the American Journal of Mathe- 
matics. 


ARTICLE IV 


CounNcIL 
Section 1. The Council shall consist of fifteen members at large, and the follow- 
ing ex officio members: the officers of the Society specified in Article I, the members 
of the Editorial Committees, ex-secretaries who have served as secretaries for ten 
years or more, and ex-presidents for a period of six years after the completion of their 
respective presidential terms. 
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Section 2. The Council shall formulate and administer the scientific policies of 
the Society and shall act in an advisory capacity to the Board of Trustees. 

Section 3. All members of the Council shall be entitled to be present at any 
meeting of the Council and to take part in the discussion at that meeting. 

Section 4. In the absence of the Secretary from any meeting of the Council, one 
of the Associate Secretaries present may be designated as Acting Secretary for the 
meeting, either by written authorization of the Secretary, or, failing that, by majority 
agreement among the Associate Secretaries present. 

Section 5. The voting members at any meeting of the Council shall be the fol- 
lowing: the members at large of the Council; the President; the Vice Presidents; the 
Secretary; the Acting Secretary for the meeting, if one is designated in the absence 
of the Secretary; the Treasurer; and a member of each Editorial Committee chosen 
annually by the committee, provided that if such voting member is absent at any 
meeting of the Council an alternate designated by him from among the membership 
of the committee shall have the power to vote. 

Section 6. The method for settling matters before the Council at any meeting 
shall be by majority vote of the voting members present. If the result of such a vote 
is challenged at the time by any member of the Council, it shall be the duty of the 
Secretary—or of the Acting Secretary for the meeting—or of a member present who 
shall be designated by the Council for that purpose—to prepare a list of the voting 
members present, on the basis of which the presiding officer shall determine the true 
vote by a roll call. 

Section 7. A quorum for the transaction of business at any meeting of the Coun- 
cil shall consist of five voting members as defined in Section 5 of this Article. 

Section 8. Between meetings of the Council, business may be transacted by a 
mail vote. Voting members for this purpose shall be the members at large of the 
Council, the President, the Vice Presidents, the Secretary, the Treasurer, and the 
voting member of each Editorial Committee as designated in Section 5. An affirma- 
tive vote on any proposal by mail shall require at least a majority of the voting 
members, and at least three-quarters of the total number of votes transmitted to 
the Secretary before the time announced for the closing of the polls. If two or more 
voting members request postponement at the time of voting, action on the matter 
at issue shall be postponed until the next meeting of the Council, unless at the dis- 
cretion of the Secretary the question is made the subject of a second vote by mail, 
in connection with which brief statements of reasons, for and against, are circulated. 


ARTICLE V 
ELECTIONS AND TERMS OF OFFICERS 


Section 1. The term of office shall be two years in the case of the trustees, the 
President, the Vice Presidents, the Secretary, the Associate Secretaries, and the 
Treasurer; three years in the case of the Librarian and the members of the Editorial 
Committees. The term of office for members at large of the Council shall be three 
years, five of the members at large retiring annually. In every case, however, the offi- 
cials specified in Articles I, II, III, and IV shall continue to serve until their successors 
have been duly elected and qualified. 

Section 2. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices. A member at large or an ex officio member of 
the Council shall not be eligible for immediate election (or re-election) as a member 
at large of the Council. 
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Section 3. Election of officers specified in Article I, trustees, members of Edi- 
torial Committees, and members at large of the Council shall be by ballot at the 
Annual Meeting. An official ballot shall be sent to each member by the Secretary 
at least one month before the Annual Meeting, and such ballots, if returned to the 
Secretary in envelopes bearing the name of the voter and received prior to the 
closing of the polls, shall be counted at the Annual Meeting. Each ballot shall con- 
tain one or more names proposed by the Council for each office to be filled, with 
blank spaces in which the voter may substitute other names. A plurality of all votes 
cast, whether cast in person or by mail, shall be necessary for election. In case of 
failure to secure.a plurality for any office, the members present at the Annual Meet- 
ing shall choose by ballot between the two having the highest number of votes. 

Section 4. If the President of the Society die or resign before the expiration of his 
term of office, the Council, may, with the approval of the trustees, designate one of 
the Vice Presidents to serve as President until the next Annual Meeting, when the 
Society shall elect a President for a two-year term. Such vacancies as may occur at 
any time in the group consisting of the Vice Presidents, the Secretary, the Associate 
Secretaries, the Treasurer, the Librarian, and the members of the Editorial Com- 
mittees may be filled by the Council with the approval of the trustees. 

Section 5. If any trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees. 

Section 6. If any member at large of the Council die or resign more than one 
year before the expiration of his term, the vacancy for the unexpired term shall be 
filled by the Society at the next Annual Meeting. 


ARTICLE VI 
ELECTION OF MEMBERS 


Section 1. Election of members shall be by vote of the Council. 

Section 2. There shall be four classes of members, ordinary, contributing, in- 
stitutional contributing, and sustaining. 

Section 3. A firm, corporation, institution, association or individual interested 
in the support of mathematics, may be elected to sustaining membership. A sus- 
taining member shall receive the Bulletin, the Transactions, and Mathematical Re- 
views (see Article 1X), and shall have the privilege of nominating one or more persons 
for election by the Council to ordinary membership in the Society, the number to 
be determined by the Council. Such nominations shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail). 

Section 4. A firm, corporation, institution, or association interested in the sup- 
port of mathematics may be elected to institutional contributing membership. An 
institutional contributing member shall receive the Bulletin or have the privilege, for 
each twenty-five dollars contributed, of nominating one person to ordinary member- 
ship in the Society. Such nominations shall not be acted upon until at least thirty 
days after their presentation to the Council (at a meeting or by mail). 

Section 5. Except in the case of nominees of sustaining members and of institu- 
tional contributing members, application for admission to ordinary membership shall 
be made by the applicant, on a blank provided by the Secretary, and shall be ap- 
proved by two members of the Society. Such applications shall not be acted upon 
until at least thirty days after their presentation to the Council (at a meeting or by 
mail), except in the case of members of other societies entering under special action 
of the Council. 

Section 6. An ordinary member may become a contributing member by paying 
the dues for such membership. (See Article VII, Section 4.) 
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Section 7. An ordinary member or a contributing member shall receive the 
Bulletin, except in the case of members whose dues are remitted under Article VII, 
Section 10. 


ARTICLE VII 


Duss 

Section 1. Persons elected to ordinary membership in the Society by the Coun- 
cil, under the provisions of Article VI, Section 5, shall be admitted to membership 
upon the payment, within sixty days of the date of their election, of an initiation fee 
of five dollars. 

Section 2. The annual dues of persons elected by the Council to ordinary mem- 
bership under the provisions of Article VI, Section 5, shall be eight dollars, with the 
following exceptions: (1) during the first three years of membership, the annual dues 
shall be six dollars; a person shall be considered to have completed his first year of 
membership on January 1 following his election; (2) the amount of dues may be al- 
tered by reciprocity agreements with other societies; (3) the Council may make special 
rulings in exceptional cases, with the approval of the Board of Trustees. Each new 
member shall pay in proportion to the unexpired fraction of the year at the time of 
his election. 

Section 3. Four dollars and fifty cents of the annual dues of those members 
who receive the Bulletin under the provisions of Article VI shall be allocated in pay- 
ment therefor. 

Section 4. The minimum dues for a contributing member shall be fifteen dollars 
per year. Members may, upon their own initiative, pay larger dues. 

Section 5. The dues for an institutional contributing member for any year shall 
not be less than twenty-five dollars. Institutions may pay larger dues. 

Section 6. The dues of a sustaining member for any year shall not be less than 
one hundred dollars. A sustaining member who contributes annually at least five 
hundred dollars shall be designated as a Patron of the Society. 

Section 7. Persons elected to ordinary membership as nominees of sustaining 
members or institutional contributing members under the provisions of Article VI, 
Sections 3-4, shall not be required to pay an initiation fee. They shall not be required 
to pay dues, so long as it is agreed that they are designated by the sustaining member 
or institutional contributing member under these provisions. If a nominee of a sus- 
taining member or an institutional contributing member later becomes a dues-paying 
member, he shall pay dues at the rate of six dollars a year for the remainder (if any) 
of his first three years of membership, and eight dollars a year thereafter. 

Section 8. If the annual dues of any member remain unpaid beyond a reason- 
able time, the Board of Trustees shall remove his name from the list of members, 
after due notice. 

Section 9. Any member not in arrears of dues may become a life member on 
the payment of a sum to be determined in accordance with actuarial principles. A 
life member shall have for life the status and privileges of an ordinary member, with- 
out further payment of dues. After October 25, 1941, no additional applications for 
life memberships will be accepted. 

Section 10. After retirement from active service on account of age, any member 
who is not in arrears of dues and with membership extending over at least twenty 
years may—by giving proper notification to the Secretary—have his dues remitted, 
on the understanding that he will thereafter receive the programs of the meetings, 
but not the Bulletin. 
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ARTICLE VIII 
MEETINGS 


Section 1. The Annual Meeting of the Society shall be held between the fifteenth 
of December and the fifteenth of January next following. Notice of the time and 
place of this meeting shall be mailed by the Secretary or an Associate Secretary to 
the last known post office address of each member of the Society. The times and 
places of the Annual and other meetings of the Society shall be designated by the 
Council. No matter of general business shall be considered at any meeting of the 
Society except the Annual Meeting, without the recommendation of the Council. 

Section 2. The President may call a meeting of the Council whenever the af- 
fairs of the Society make it desirable; he shall call a meeting of the Council on written 
request of five of its members. 

Section 3. The Board of Trustees shall have its regular Annual Meeting on the 
first day of the Annual Meeting of the Society. Special meetings of the Board of 
Trustees may be called by the Chairman of the Board upon three days’ notice of such 
meeting mailed to the last known post office address of each trustee. He shall call a 
meeting upon the receipt of a written request of two of the trustees. Meetings for the 
transaction of business may also be held by common consent of all the trustees. 

Section 4. Papers intended for presentation at any meeting of the Society shall 
be passed upon in advance by a program committee appointed by or under the au- 
thority of the Council; and only such papers shall be presented as shall have been 
approved by such committee. Papers in form unsuitable for publication, if accepted 
for presentation, shall be referred to on the program as preliminary communications 
or reports. 

ARTICLE IX 
PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society. It shall publish a journal called the Transactions of 
the American Mathematical Society, the object of which shall be to make known im- 
portant researches presented at meetings of the Society. It shall publish a periodical 
called Mathematical Reviews containing abstracts or reviews of current mathematical 
literature. It shall publish a series of volumes called Colloquium Publications which 
shall embody in book form new mathematical developments. It shall publish a series 
of monographs called Mathematical Surveys which shall furnish expositions of the 
principal methods and results of particular fields of mathematical research. It shall 
also cooperate in the conduct of the American Journal of Mathematics. 

Section 2. The editorial management of the Bulletin, Transactions, Mathemati- 
cal Reviews, Colloquium Publications, and Mathematical Surveys, and the participa- 
tion of the Society in the management of the American Journal of Mathematics shall 
be in charge of the respective Editorial Committees as provided in Article III, Sec- 
tion 1. 

ARTICLE X 


AMENDMENTS 


These By-Laws may be amended or suspended at any meeting of the Society on 
recommendation of the Council and by a two-thirds vote of the members present, pro- 
vided notice of such proposed action and of its general nature shall have been given 
in the call for such meeting. 


